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The theoretical aspects of ion separation in imperfect fields of the quadrupole mass analyzer 
operating within the first, second, and third stability regions are discussed by analysis of the 
beam dynamics in phase-space. The analytical approach uses an approximate solution of the 
Hill equation with a small heterogeneous part. These calculations indicate that the trap 
mechanism of ion separation is conditioned by the properties of characteristic solutions. These 
solutions are reduced to an approximate solution in the form of a general solution of a 
homogeneous Mathieu equation with combined factors taking into account a small heteroge- 
neous part that defines the region of beam capture (acceptance) in phase-space. The 
infringement of independence principle of ion oscillations about each of the positional axes 
caused by distortions increases the cross-sectional area of the beam. The beam is cut out by 
the mass a.nalyzer aperture. This causes transmission losses that depend on phase. Therefore, 
the ion current at the mass analyzer exit is amplitude modulated by the frequency of the 
radiofrequency (rf) component of the field. The maximum current is at zero phase. The 
modulation depth is proportional to the relative value of the distortions. (J Am Sot Mass 
Spectrom 11998, 9, 50-69) 0 1998 American Society for Mass Spectrometry 
R ecent developments in the study of the second [l] and third [2] stability regions based on the numerical simulation of a quadrupole mass an- 
alyzer create prospects for an increase in attainable 
resolution. An analytical approach to mathematical 
simulation based on the principles of statistical mechan- 
ics [3] permits one to embrace the total set of initial 
conditions and to obtain in analytical form transmission 
and resolution compared within these stability regions. 
Mathematical simplifying taking into account the fring- 
ing field [,4] and field distortions [3] studies real ion- 
optical systems of the mass analyzer. 
The ion separation in a quadrupole mass analyzer is 
based on the trap mechanism that uses the indepen- 
dence principle of ion oscillations about each of the 
positional axes [3]. The radiofrequency (rf) field is 
formed in the operating space of the mass analyzer. By 
a variation of field parameters for the ion with a chosen 
mass number, M = m/e, a quasi-steady potential “pit” is 
created about each of the positional axes in a limited 
region of space. For all other ions, however, a potential 
“hump” is formed at least about one of the positional axes. 
The ions drift along third axis in the z direction. Separation 
Address reprint requests to Vladimir V. Titov, Russian Federation Technical 
Physics and Automation Research Institite, Warshavskoe Shosse 46,115230 
Moscow, Russian Federation. 
is realized owing to the fact that the ions with a chosen M 
are localized within the operating space of the analyzer 
whereas other ions are neutralized on the surface of the 
electrodes. This analyzer operates as a mass filter. 
The separation power is defined by the sorting time, 
i.e., interaction of the ions with a field, expressed 
usually in number N of the rf cycles given by N2 = K,R, 
where K, = 20, K, = 0.01, and K, = 0.4 for first, 
second, and third stability regions, respectively, and R 
is the resolution. In order to reach maximum values of 
resolution and transmission the oscillations of ions 
about the positional axes must be independent of each 
other [3]. For such a perfect field, the mass analyzer 
electrodes must have exactly hyperbolic profile. The 
trap mechanism of separation that realizes the indepen- 
dence principle of ion oscillations utilizes the advan- 
tages of a quadrupole mass analyzer over static instru- 
ments. This mechanism permits one to increase the 
effective length of the ion trajectory, i.e., resolution, 
without a dimensional increase of the mass analyzer. 
The independence principle of ion oscillations allows an 
increase in the source exit aperture, i.e., sensitivity. 
However, field distortions break the independence 
principle of ion oscillations. This causes the transmis- 
sion losses [3]. Analytical simulation of ion separation 
permits the realization of techniques that eliminate the 
transmission losses caused by distortions. These im- 
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provements have been verified experimentally [3]. This 
reduces the requirements to the margin of tolerance of 
the mass analyzer without transmission losses by an 
order of magnitude. Alternatively, attainable resolution 
may be increased by using traditional round instead of 
hyperbolic rods. 
Simulation and Assumptions 
This article describes a mathematical simulation of 
separation in distorted fields of the quadrupole mass 
analyzer so that the relation between beam performance 
and distortion parameters can be determined. 
To develop a simulation the analytical approach [3], 
which solves this problem, is improved by using the 
following assumptions. The electric field potential within 
the mass analyzer that satisfies Laplace’s equation for the 
general cease of distortions can be expressed in the form 
W,y,z,Q = 5 cpi(x,y)D + (~,/‘WW12 
j=l 
!  
cc 
X V, + C Vi COS[(iw/2)(f - ti)] (1) 
i-1 
where X, y, z are the Cartesian coordinates. Expression 
in braces of eq 1 is the expansion of the periodic voltage 
waveform in the Fourier series taking into account the 
phase factor ti of the harmonic components. For the 
second and third harmonics of low composition in eq 1 
the composition of ith harmonic in the voltage wave- 
form is determined by the quality, Q, of an output 
contour. This is equal to the 6th fraction from the first 
harmonic whose frequency matches the contour, i.e., 
i @i = V $ ai = V C [l + Q2(i - i-1)21-l/2 
i=2 i=2 i=2 
For geometric distortions this can be replaced by 
@D(t) = u + v cos(wt) 
where w = 271.f is the angular frequency of the oscillat- 
ing potential of amplitude V applied between oppo- 
sitely coupled pairs of electrodes and U is the dc bias 
potential between the pairs of electrodes. Neglecting 
terms above sixth order, the first series of eq 1 can be 
expressed in the form 
wx, y, t) = @o(N(P2(x, y) + (P3(x, Y) 
+ (P4(x, y) + %(X, Y)l (2) 
is the second order, quadrupole term that represents the 
hyperbolic distribution of the electric potential in space, 
2r, is the distance between opposite electrodes; 
(p3( x, y) = A,(3yx2 - y3)/rz 
is the third order, hexapole term and 
(p4( x, y) = A*( x4 - 6x2y2 + y4) / r;: 
is the fourth order, octopole term representing distor- 
tions caused by asymmetric positioning of the elec- 
trodes; 
(p6(x, y) = A,(@ - 15x4y2 + 15x2y4 - y6)/rg 
is the sixth order, dodecapole term that represents 
distortions caused by the use of round instead of 
hyperbolic rods. A,, A,, and A, are the weighting 
factors of distortions. 
The expression in square brackets of eq 1 takes into 
account distortions in the z direction where E, = 
2Ar,/r, is the small parameter that represents the 
relative value of geometric distortions. G(z) is a func- 
tion that represents the type of distortions, e.g., for 
nonparallel electrodes with length L this function is 
equal to G(z) = +-z/L. For nonstraight electrodes this 
function is given by G(z) = 2(z/L)(z/L - 1). For 
fringing distortions this function is equal to G(z) = (zO 
- z) / ro, where z,, is the coordinate of a source exit with 
aperture 2R,. The small parameter of distortion (zO - 
z)/(2r,) I 0.1 < 1, and E, = -1 in the last case are 
used. The fringing field extends over a distance of 2r,, 
i.e., if z0 is equal to 2r, the potential 1 is equal to zero. 
The validity of such an approximation has been verified 
partially by spot-checks of the ion trajectories calculated 
by using a full three-dimensional field. The maximum 
parameters of distortions are used in all cases, i.e., the 
mutual nonparallel and nonstraight electrodes as well 
as the fringing distortions. The resultant distortions are 
determined to be dispersions [3]. 
Stable Trajectories in lmpevfect Fields of 
Quadrupole Mass Analyzer 
For the potential 1, equations of ion motion are reduced 
to a set of Hill equations with a small heterogeneous 
part in the Mathieu form 
ii,, k [a + 2q cos 2(5 - &,)lulk = GAup.j-(5)1; 
1 = 1,2 (3) 
ii 3k = -%[a + 29 cos 2(5 - &)](u:, - & -$; 
3k In this equation 
(p2(x, y) = (x2 - y*)/r?i k = 0, 1, 2, 3 (4) 
52 TITOV J Am Sot Mass Spectrom 1998, 9, 50-69 
where U1k = x/r& t/2k = y/r@ tlSk = z/r,, ii[k are 
second order derivatives of corresponding coordinates 
with respect to 6, &, is the ion injection phase, 25 = wt, 
a = 8eLI/(l;&~?), 9 = 4eV/(mr&?). A is equal to err &, 
U, or A, in the case of distortions in the z direction (E,), 
those caused by harmonic composition of the voltage 
waveform (Si), fast scanning (u) or field approxima- 
tions by electrodes of circular profile (A6). dG/du,, is 
the derivative of G(z) with respect to z [3]. For a 
detailed description of the functionf([) and parame- 
ter A of heterogeneous part, see Appendix III. 
Equations 3 and 4 indicate that the distortions break 
the independence principle of ion oscillations about 
each of the positional axes. Thus, a solution of eq 3 is the 
following sum: 
Ulk = OO,k + %k 
where r&k is the general solution of a homogeneous 
equation a:nd iilk is the partial solution of a heteroge- 
neous equation. By Floquet’s theorem 
UOlk = c&ce~)( 5) + c&seij)( 5) 
whereifk.=O,l,thenr= 1 -k+ (-l)‘+l + (-l)k’l, 
and if k = 2, 3, then r = Ik - 2 + (-l)‘+’ + ( -l)kj; 
and 
are even and odd Mathieu functions of fraction order 
Blk of characteristic values a, and brtl, & is the 
stability parameter [3]. Integration constants CX$~ and 
cz$‘& are determined by the Kramer rule 
(5) 
and 
&& = (&kcepO (') - tt,-&$;) / w"' PO1 
The index 0 corresponds to 5 = to. The Wronksian I$‘,$ 
is given by 
(6) 
The value of iilk can be found with the aid of the 
arguments given in Appendix III. Then, with the use of 
eqs 87 and 88, we can express the ion trajectories in the 
distorted field as follows: 
where 
and the distortion factor is given by 
Ib;’ 5 *“f(*)(ce$))2 d[ = *“,f(*)(se!;))’ d5: 
/ 0 I 0 
The generality of the arguments still holds if we omit 
the indices (r) and I corresponding to the x and y 
directions as well as the index k corresponding to the 
number of stability regions in the following. 
Consideration of the peculiarities of ion motion in an 
rf field of a quadrupole mass analyzer with indicated 
distortions yields the resultant distortion factor K~, 
which is determined by 
K 0= 
where 
K 03 = &o& (4Wpo) 
x [ zolro - ti3050 2 ~20/~Z,o~~olro)21 
KO5 = i)O40& (2wOwf30) 
(9) 
These ~~~ values represent dispersions caused by non- 
parallel (Kol) and nonstraight (~~2) electrodes, fringing 
field distortions (Ko3), a harmonic component of the rf 
voltage waveform (K~*), fast scanning (Key), as well as 
the use of round instead of hyperbolic rods (~06) [3]. The 
oscillatory factors are given by 
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cl,, = Il[l + cos(2f,)] - cos(2&) 
x 5 [G,Vn + P,!J12 c c;, .i’ 
n=--” / ?I-% 
020 = a2 + q2 + (a + q)(& - u) 
and 
(10) 
n3Oi = C C2n(C2n+2i + C2n-2i) C CL ” 
By standard trigonometric identities, eq 7 can be 
reduced to form 
where tan(q) = y10/y2a. It is clear from eq 11 that 
/ 
ll 5 u,,,, = <(I + K;,b:o + &) i I&,/ (12) 
,7=-a 
Expression 12 can be reduced to the form that defines 
the region of beam capture in phase-space, i.e., the mass 
analyzer acceptance 
where 
(13) 
f,, = (1 + K;)(Ct;, + St&)/Wpo 
A,, =: -(I + K;)(Ct$Cipo + s~~~s~~,,)/W~~ 
B,, =: (1 + K$(Ce’,, + sefjo)/Wpo 
(14) 
(15) 
(16) 
(17) 
The quadratic form 13 in the phase-plane (u, ti) 
determines the ellipse of initial cross-section if (rpoBpo 
- A&) > 0 [3]. The ellipse 13 does not constitute the 
boundary of the beam but rather the locus of initial 
conditions leading to equivalent maximum ion excur- 
sions for a given phase of injection. The mass analyzer 
will transmit a beam of ions whose values u0 and ti, are 
bounded by the ellipse 13. Ions with the values outside 
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the ellipse boundary are rejected. Thus, the ellipse area 
is proportional to the acceptance, i.e., the area of capture 
that corresponds to the beam transmission. The inter- 
section region of the ellipses for different phases (viz. 
inscribed Floquet’s ellipse) defines the boundaries of 
initial conditions for 100% transmission [3]. 
In eqs 15-17, the ellipse parameters A,,, B,,, rPO are 
functions of the initial phase $. The acceptance is 
invariant, i.e., i,, = 0. This is the consequence of an 
application of Liouville’s theorem to the ion motion in 
phase-space. This can be summarized as follows. If  ions 
move in phase-space under the influence of an external 
field with forces independent of velocities, the density 
of the ion beam is conserved. Otherwise, the phase-space 
volume (or area) occupied by a group of ions cannot ckange 
]31. 
Thus, the region of beam capture (acceptance) in the 
phase-space of a quadrupole mass analyzer with dis- 
tortions can be exactly determined by eq 13. Because of 
a multidimensional stability diagram, e.g., in the case of 
complex harmonic composition of the voltage wave- 
form, the stability region can be reflected on the 
Mathieu diagram so that a “shadow” stability region 
emerges. If  the deviation of an operating point from the 
tip of a stability triangle (quadrangle) is controlled, then 
the relative deviation may be the estimation criterion of 
simulation accuracy [3]. 
Unstable Ion Trajectories in the Quadrupole Mass 
Analyzer 
Consider the peculiarities of ion motion in an rf field of 
the quadrupole mass analyzer when ion trajectories are 
unstable in at least one axis. 
For unstable ion trajectories, eqs 3 and 4 of ion 
motion in the Mathieu form reduce to the following 
solution: 
~(5) = a, expb-45 - So)l[ce2,,(S) + xse2,,(Ol 
+ b, exp[-dS - 50)l[ce2,,(5) - xsedO1 
(18) 
where 
ce,,(() = C Cb cos(2nt) 
,,=-m 
and 
s+,,(t) = C &I sin(W) 
,*=-lz 
are even and odd Mathieu functions of integer order 2~ 
of characteristic values II, and bYmkl; /J is the instability 
parameter [3]. The instability parameter x given by 
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x2 = (a, -- a + p2)/(b,+I - a - p2) 
defines the operating point at which ion trajectories are 
unstable in the x or y directions. The integration con- 
stants Us and b, are determined by the Kramer rule 
aP = [Puo(ce,,o - xse2,0) + W2no(~20 + xcJlW;i 
b, = bdce2,0 + xse,,,) - W,,o(~,o - x%w~; 
The index 0 corresponds to .$ = &. The Wronksian IV,, 
is given by 
w,, = -w, = 2xW2,oO + dXB2nO) 
cc 
5 c c C,,C,nmJ + P/X) c CL i 
p==-” n=--a I n=-cc 
09) 
The Wronksian WznO and integration constants ai0 and a20 
are determined by eqs 6 and 5, respectively, for even and 
odd Mathieu functions of integer order 2n. The acceptance 
parameters r2n0, AznO, and B2n0 are given by 
l- 2no = (L.&J + s&o)! W2no (20) 
A , 2n0 = --(ce2nOce2n0 + se2,0seZn0 ’ )/W,RO (21) 
B 2n0 = (4,, + 4,o) / W2n0 (22) 
There is a small parameter p of instability in eq 18. 
The following expression p2 = s2/R are valid for 
unstable ion trajectories in the x and y directions {see 
eqs 140 and 141 from Appendix III of the following 
article [5]}. Then, the exponential terms can be ex- 
panded in series with respect to a small parameter p. 
Hence, neglecting terms above second order with re- 
spect to CL, eq 18 can be reduced to the form 
45) = r30ce2,(S) + r40se2,(5) (23) 
where 
730 = ho - !-4(x + x-%5 - 5oh20 
- u,x-ice 2noK,iolI/(l + ~x-~B2,0) 
740 = (a.20 + d-(x + x-1>(5 - 5O)~lO 
+ u,x-he 2noW;olV (1 + ~x-~B,,o) 
By standard trigonometric identities, eq 23 can be 
reduced to the form 
where tan(4) = y30/y40. It is clear from eq 24 that 
Substitution of eq 5 into eq 25 and neglecting terms 
above second order with respect to I* yields an expres- 
sion that defines the region of beam capture in phase- 
space, i.e., the mass analyzer acceptance: 
where 
(27) 
rwo = (1 + ~x-1Lo)-1[r2no + &4x + x-l)1 (28) 
A,0 = (1 + ~x-~B~,o)-~&zo (29) 
B F,, = (1 + ~x-~B2,,~-~~2no (30) 
The quadratic form 26 in the phase-plane (u, ti) 
determines the initial cross section of the ellipse if the 
following condition is fulfilled: 
Wl,oB,o - A2,o) = 11 + 2/.4x + X-‘)B,,,l/ 
X (1 + /.Lx-~B,,,)~ = 1 > 0 
lon Beam Dynamics in Phase-Space of Distorted 
Fields 
Simulation of ion-optical systems by plotting individual 
trajectories does not use the total set of initial conditions 
( uO, a,} and is incomplete for this reason. To describe a 
complete beam the phase-space governed by the laws of 
statistical mechanics is used. 
The ion-optical system is described by differential 
eqs 3 and 4 of second order. These equations are 
reduced to an equivalent normal set of differential 
equations of first order with respect to variables u and 
ti. Solution of equations u = u( 6) and ti = ti( 5) can be 
represented as the parametric description of ion trajec- 
tories in the phase-space (u, ti). A point moving on the 
phase trajectory in phase-space as 5 changes corre- 
sponds to the point moving on the real trajectory. The 
parameter 5 can be excluded if we express five arbitrary 
phase variables by a sixth one. Thus, a nonparametric 
description of the phase trajectory can be shown as a 
trace in the phase-space. 
The beam transmitted by the mass analyzer is 
bounded by its apertures and the transverse energy 
spread of ions in phase-space. A consideration of this 
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area converted in phase-space gives general informa- 
tion about a complete beam. To employ the general 
properties of linear conversions and to simplify the 
problem, the beam boundary can be approximated by a 
family of hyperplanes or elliptical boundaries. 
Consider the transformation of a beam boundary in 
the case of a two-dimensional phase-space. A state 
vector is introduced as follows [3]: 
rd 
u= 
L 1 ii . 
For the general case of stable ion motion the beam 
boundary may be described in the phase-plane by a 
family of ellipses, viz. Floquet’s ellipses in the regular 
ion-optical systems. For a given beam there are always 
the described and inscribed ellipses within this family 
that represent the average phase trajectory. The ion 
beam is bounded by the described ellipse at the ion 
motion. However, the beam constantly occupies a phase- 
plane area bounded by the inscribed ellipse only. The 
maximum dimensions of the beam are defined by the 
maximum projections of the described ellipse. The beam 
passes the mass analyzer in optimum manner when its 
bounding ellipse coincides with the limited Floquet’s 
ellipse at the entrance. This condition restricts the phase- 
space for capture and transmission of the ions [3]. 
The time interval for passage of an ion into rf field is 
divided into n sections. The state transition matrix [3] is 
or N,= 
n11 ‘212 [ 1 (31) *21 n22 
for stable or unstable trajectories respectively, eq 3 then 
can be expressed in matrix form 
U, = M,uo, or u, = Nrua (32) 
for unstable trajectories, where u = [u/c] and u,, = 
[uO/tiO] are the state vectors of the beam for final and 
initial conditions, ua and ti, are initial coordinates of the 
ion in phase-plane (u, ti), determined by the maximum 
cc 
U(T + 50) = YlO c Czn cod2n + P)(r + toi + Y20 
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values of radial and angular envelopes of the beam at 
the source exit. The resultant transition matrix 31 is the 
product of transition matrices for each section 
M, = fi M, or N, = fi Ni (33) 
i=l i=l 
Thus, the ion trajectory parameters in an rf field of 
the mass analyzer are determined by multiplication of 
transition matrices in eq 33. If the determinant of the 
elementary transition matrix is constant and equal to unity, 
then the determinant ofa resultant transition matrix defining 
the conversion of the trajectoy parameters by the entire 
ion-optical system is also equal to witty. This peculiarity is 
a corollary of Liouville’s theorem that can be summa- 
rized as follows: 
det(M,) = m,,m,, - m12m21 = 1 
or 
det(N,) = n11n22 - n12nZ1 = 1 
For the time interval (krr + CO), where rr is a period 
of the rf field, the resultant transition matrix 31 is the 
following product [3]: 
M,(kn + 50) = M$b + 5o) = MkT(~Mr&,) (34) 
or 
NT(kn + to) = N”,(T + &,) = N;(T)N&) 
To find the explicit form of matrix M,(v + &,), eq 7 
can be transformed to 
dr + toI = -ylocep(~ + h) + Y20sep(T + toI (35) 
where y10 and y10 are defined by eq 8. Then, the use of 
standard trigonometric identities yields 
Czn sin(2n + P)(n + 6%) 
= YlO f. C2n [cos(2n + /3)& cos@r) - sin(2n + /3)& sin@rr)] 
n=-” 
+ y2a 2 C,,[sin(2n + p)& cos(pa) + cos(2n + p)& sin( 
n=-cc 
= [ylo cos(P~) + y20 sidbdl C Czn cos@n + PI50 
n=-m 
+ [ylo cos(P~> - y20 sin( 5 C2n sinOn + PM0 
n=-zc 
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Substitution of the Mathieu functions of fractional order p yields 
4~ + 50) q = [YIO CodPd + YZ.~ sin(P41cepo + [yIo co@W - y20 sWWlsepo 
from eq 35. Similar arguments in eq 36 for ti yield 
ti(n + Co) == -[x0 co@4 + y20 sin( 5 C2,(2n + PI sin(2n + p)to 
n=-m 
(36) 
+ ho co@4 - yzo sinUW1 C C2,P + PI cod2n + PI50 
n=-cc 
Substituting the derivatives of the Mathieu functions we obtain 
ti(n + too) I= [ylo cos(P4 + y20 sin(P41c~po + [x0 CodLW - y20 sin(P41s~po (37) 
Then, replacement of yIO and y20 in eqs 36 and 37 by cyIo, (Yap, and ~~ from eqs 5 and 9, respectively, yields 
u(rr + to) == u,{c0s(~~) - ~~ sirI + Apo[sin(Prr) + ~~ COS@T)]/ (1 + K$} 
+ tioBpo[sin(Prf) + Kg cos(p7r)]l(l + Kg) (38) 
ti(P + &J = -uoTpo[sin(p7r) + Kg cos(@r)]/(l + K;) + tio{cos(pT) 
- ~~ sin(p?r) - Apo[sin(/?r) + ~~ cos@r)]/(l + K;)} (39) 
Equations 38 and 39 are substituted into the state 
vector. The matrix eq 32 is thus reduced to the form 
4~ + 50) = MT(~ + 5o)uo (40) 
where the ‘elements of transition matrix M, in eq 31 for 
a period rr are given by 
j = 1, 2) of the state transition matrix M, is as follows. 
Matrix element rrz22 is the angular increment coefficient 
and m,, is the linear expansion coefficient. 
Clearly, matrix elements of the transition matrix 
M,(krr + to) in eq 34 are produced from eqs 41-44 by 
substitution of k/3n for @T. 
The properties of Twiss matrices for the regular 
m r1 = cos(prr) - ~~ sin(Prr) i- Apo[sin(/3P) 
-t K,, COS(pT)]/(l + Kg) 
m  12 = Bpo[sin(P) + ~~ cos(pa)llU + 
m 21 = --r,,[sin(prr) + ~~ cos(p~)]/(l 
m 22 = cos(p~) - Kg sin(pn) - Aa0 
(41) 
systems bound the stability of ion trajectories [3]. These 
can be summarized as follows. When the truce offhe sfafe 
transition matrix is less than 2, i.e., 
Kg) (42) IWWI = hl + m221 
+ Kg) (43) = 12[CO@T) - ~~ sin(/%r)]\ < 2 
ion frajecfories are sfable. If lmll + m,,l 2 2, the 
x [sin(Prr) + Kg cos(p7r)]/(l + K;) (44) 
The physical meaning of the matrix elements mij(i, 
trajectories are unstable. 
To find the explicit form of matrix N,(kn + to) eq 23 
can be transformed to 
d-r + toI = {[al0 - dx + x-1)kva20 + ~x-1~oce2,0~~~olce2~(k~ + to) + [azo + PLY + x-l)krr~Io 
+ ~x-1~ose2noW~~ol~e2~(k~ + 50)I(1 + PX-~B~,~)-~ 
= {[a10 - PAX + x-‘Wna,o + ~x-1~O~~2nOK~l~~2n0 + [azo + 1-4x + x?)k~alo 
+ I*x-1~ose2,0~~~olse2no>(l + CLX-~GJ~ 
Similar arguments in eq 45 for ti yield 
(45) 
C(kT + to) = {-14x + x-1b20ce2,0 + [alo - 1-4x + x?)k~a20 + ~x~1~o~~2,0~~~ol~e2no + dx + xm1blose2,0 
+ [a2o + 1.4x + x-l)kralo + ~x~1~o~~2,0~~~l~~2~o~~~ + CLX-~B~,~)-~ (46) 
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Then, substitution of czi,, and (~~a from eq 5, taking 
into account eqs 20-22, yields 
u(k?r -t &J = uo[l - p(x + x-l) 
x k~&,o/(l + I*x-~&J - %,CL 
x (x + ~-~)k6,o/(l + /.W1~zno) 
(47) 
Q(kT -+ to) = uordx + x?NG,,,/(l + PX-~B,,,) 
+ la1 + dx + x-‘) 
x k~&ol(l + I-Lx-~B,,,)I (48) 
Thus, substituting eqs 47 and 48 in the state vector, the 
matrix eq 32 may be reduced to 
u(krr -t &J = N,(kr + [&, (49) 
where the elements of the transition matrix N,(kr + 
to) are given by 
n 11 = 1 - Ax + x-%~-,%no/(l + FX-%o) (50) 
n 12 = -/-4x + x-%-&,o/(l + FX-%,o) (51) 
%l = 14x + x-l)k~L,,o/(l + PX-~BZ,,,) (52) 
nzz = 1 + /.4x + x-*N~bd(1 + FX-%,o) (53) 
The properties of Twiss matrices for the regular 
systems bound the stability of ion trajectories, i.e., as 
~WT)I = b,, + rzz2( = 2, they are always un- 
stable. 
For the phase-plane region occupied by a beam 
in the form of an ellipse 13 or 26 replacement of u. 
and ira by u and zi from eq 32 yields again a quadratic 
form 
I-pu2 -k 2Api + B,ti’ = l p 
or 
I-,u2 -t 2A,uti + B,ti’ = E,, 
where 
2 
m22 -2mz2mzl 
-m12mz2 ml171122 + m12mz1 
2 
ml2 -2m12mll 
c 1 rP0 
X 
L I APO BP0 
- 
(54) 
& 
m11m21 
2 
ml1 1 
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or G2 -2n22n21 2 n21 
-7112n22 n11n22 + n12n21 -nllnzl 
2 
n12 -2n12nll 
2 
n11 1 
r PO 
x A,o I I B WO (55) 
for unstable trajectories. In this case, the following 
identities take place (at such normalization, see eqs 89 
and 103 from Appendices I-II of the following article 
[51) 
rpBp - A; = (rpoBpo - A;,) det2(M,) = (1 + I# 
or 
rwBF - A; = &&.a - At,) det2(N,) = (1 + 4)’ 
where r0 = ~(x + x’)krr/(l + pxelB,,,,). Hence, the 
ellipse of initial cross section yields the ellipse again. 
The parameters of quadratic form 54 are combined in 
the A matrix as follows: 
A, = 
or 
then conversion given by eq 55 can be written in a 
compact form 
A, = W&J%, or A, = NrA,,fi, (56) 
where the index tilde denotes the matrix transposition 
operation. The elements on a major diagonal of the 
A-matrix determine the linear and angular envelopes of 
a beam given by 
i 
U max = \&$,/(I-$, - A;) 
or 
u max = &~B,/(I,B, - A;1 (57) 
(58) 
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Figure 1. Variation of the ellipse parameters with an initial 
phase. (a) The x direction, 0, = 0.9931 and (b) the y  direction, p, 
= 0.00854 for the operating point a = 20.236919 and q = 0.706, 
i.e., for the first stability region. (c) The x direction, p, = 1.96162 
and (d) the y  direction, /3, = 1.03932 for the operating point a = 
kO.0282 and 9 = 7.54728, i.e., for the second stability region. The 
dash-dotted lines represent the parameters corresponding to the 
mass analyzer with fringing field distortions. The dotted lines 
correspond to those that use round instead of hyperbolic rods for 
the value of dodecapole term A,/r& of 106. The dashed lines 
represent similar parameters when ion trajectories are unstable 
about at least one of the positional axes. The ellipse parameters A 
(curves I), B (curves 2), r (curves 3) for the phases differing from 
zero are deflected from the origin depicted by the solid lines. 
The elements on another diagonal define the devia- 
tion from a canonical orientation of the ellipse, i.e., 
tan(26:I = -2A,/(B, - rp) 
or 
tan(26) = -2A,l(B, - r,) 
where 6 is the angle between a major axis of the ellipse 
and the abscissae on the phase-plane (u, ti) . The area of 
the ellipse given by eq 54 is defined by the formula 
or 
S = m,J \ilTpB, - A;1 (60) 
which is obtained by the conversion of ellipse 54 to a 
canonical form, i.e., by means of a new system of 
coordinates rotated correspondingly, and the formula 
for the area of a canonical ellipse. By fundamental 
Figure 2. Similar ellipse parameters for the third stability region. 
(a) The x direction, /3, = 1.98272 and (b) the y  direction, p, = 
0.01354 for the operating point near the upper tip: a = 23.16395 
and q = 3.23408. (c) The x direction, p, = 1.0209 and (d) the y  
direction, /3,, = 0.97374 for the operating point near the lower tip: 
u = 22.520624 and q = 2.8153. See Figure 1 for a description of 
curves. 
Liouville’s theorem, the ellipse area 60 remains constant 
if the linear unimodular conversion of the phase-space 
is applied [det(M,) = 1, or det(N,) = 11. 
Results and Discussion 
Distortions of the quadrupole mass analyzer are caused 
by nonparallel (K& and nonstraight (K& electrodes, fring- 
ing field distortions (K&, a harmonic component of the rf 
voltage waveform (K&, fast scanning (~0~) as well as the 
use of round instead of hyperbolic rods (K& [3]. Accord- 
ing to eqs 15-17 these distortions give rise to factors (1 + 
K$ in the expressions for parameters of the acceptance 
ellipses A,,, B,,, and rpO. The mass analyzer transmis- 
sion is proportional to the product of acceptances in the 
x and y directions. Thus, at the same resolution the 
transmission drops Ilf= I( 1 + K&) times as an ideal field 
is compared with an imperfect one. Alternatively, res- 
olution deteriorates at the same sensitivity, i.e., the tails 
of the mass spectral peaks become more extended [3]. 
There is a small parameter /3 of stability in eqs 15-17. 
The following expression /3’ = AZ/F. (see eqs 123 and 
124 from Appendix III of the following article [5]] is 
valid for stable ion trajectories in the x and y directions 
[3]. Then, by standard trigonometric indentities, 
Mathieu functions of the fraction order p can be ex- 
panded in series with respect to P. Hence, the dynamics 
of acceptance ellipse parameters can be analyzed in 
phase-space at different injection phases. 
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Figure 5. Log-log plot of similar parameters vs. resolution for 
ten different initial phases within the third stability region near the 
upper tip. See Figure 3 for a description of curves. 
The parameters A,,, B,,, and l7,, are the regular 
functions of initial phase &, with period rr. This is 
illustrated by Figures 1 and 2. The distortion influence 
is a maximum at the phase .& about + 7r/2. This 
influence is minimized if .$ equals zero. This is visible at 
resolution increase. The latter is illustrated by Figures 3, 
4, 5, and 6. 
Processing eqs 41-44, or 50-53 shows that det(Pr) = 
Figure 3. Log-log plot of similar parameters vs. resolution 
within the first stability region for initial phases from 0.1~ (curves 
1) to 0.9p (curves 9) after each l/10 of an rf cycle. The x direction, 
(a) A,, fb) B,, and fc) rx. They direction, (d) A,, (e) B,, and ff) rr. 
The solid lines and symbols ’ represent the parameters corre- 
sponding .to the mass analyzer that use round instead of hyper- 
bolic rods for the value of dodecapole term AC/r& of 106. The 
broken lines and symbols M correspond to that with fringing field 
distortions. The double dotted lines and symbols ‘I’ represent 
similar parameters when ion trajectories are unstable about at 
least one of the positional axes. When resolution is greater than 
1,000 the solid lines for the ellipse parameters A, B, and r are 
deflected from the origin depicted by the dotted lines and tend to 
the broken lines. Alternatively, the double dotted lines tend to the 
dotted lines at resolution increase. 
Figure 6. Log-log plot of similar parameters vs. resolution for 
ten different initial phases within the third stability region near the 
lower tip. See Figure 3 for a description of curves. 
Figure 4. Log-log plot of similar parameters vs. resolution for 
ten different initial phases within the second stability region. See 
Figure 3 for a description of curves. 
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Figure 7. Dynamics of acceptance ellipses in the phase-planes for 
the mass anaIyzer within the first and second stability regions. (a) 
The x direction and (b) the y direction within the first stability 
region. (cJ The x direction and fdJ the y direction within the 
second stability region. References for the operating points are in 
Figure 1. The broken lines represent acceptance ellipses for initial 
phases from zero (curve 0) to 0.9~ (curve 9) after each l/10 of an 
rf cycle. The solid lines correspond to the mass analyzer with 
fringing field distortions and to those that use round instead of 
hyperbolic rods, respectively. (5) The acceptance ellipses for the 
0.5~~ phase are deflected from the origin depicted by the broken 
lines. 
1 + p& and the parameters of acceptance ellipses in 
each period 7~ of an rf field will be given by I = p,( 1 + 
pg), A = A,(1 + p$ and B = B,(l + pi), where pa is 
equal to K() or r0 when P,, A,, B,, and f, are equal to 
MT, APO, BP,, and rpo or NT, A,W B,,I, and rFo, 
respectively. Then, Liouville’s theorem will be valid 
when the distortion factor K~ and instability parameters 
F and x are equal to zero, i.e., at zero injection phase .$a 
and on the stability boundaries only. In other respects, 
the condition det(P,) = 1, will not be satisfied. This 
causes a decrease of the beam capture region (accep- 
tance) in phase-space for all phases differing from zero 
and especially at .$, = r/2, i.e., when K~ is a maximum, 
andforn > 1. 
This effect is illustrated by Figures 7 and 8. By 
variation of &, the acceptance ellipses rotate and delin- 
eate the resultant ellipse in the central part of the 
phase-plane that corresponds to 100% transmission [3]. 
For all types of distortions differing from fringing 
distortions a major axis of inscribed Floquet’s ellipse 
tends to be oriented along the abscissae. For fringing 
distortions the resultant ellipse tends to be oriented 
along a major axis of the acceptance ellipse that corre- 
sponds to initial phase &, defining the optimal time the 
ions spend in the fringing field. This is illustrated by 
Figures 9 and 10. By eq 59 the ellipse oriented with 6 
d 
Figure 8. Similar acceptance ellipses within the third stability 
region. (a) The x direction and fb) the y direction for the operating 
point near the upper tip. Cc) The x direction and (d) the y direction 
for the operating point near the lower tip. References for the 
operating points are in Figure 2. See Figure 7 for a description of 
Figure 9. Detailed view of the overlap of the acceptance ellipses 
of Figure 7. Ellipses are shown for thirty different initial phases. 
The area at the center represents those initial conditions appropri- 
ate to 100% ion transmission. In the presence of fringing fields, the 
ion source emittance should be matched to this acceptance. (a) The 
x direction and (b) the y direction within the first stability region. 
(c) The x direction and (d) the y direction within the second 
stability region. References for the operating points are in Figure 1. 
The relative time of the ion passing the fringing field normalized 
with respect to initial phase varies (a), fbJ from 7~ to 2rr as well as 
(c), (d) from zero to r after each l/30 of an rf cycle. 
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Figure 10. Detailed view of similar acceptance ellipses for thirty 
different initial phases within the third stability region. (a) The x 
direction and (b) the y direction for the operating point near the 
upper tip. (c) The x direction and (d) the y direction for the 
operating point near the lower tip. References for the operating 
points are in Figure 2. The relative time of the ion passing the 
fringing field normalized with respect to initial phase varies from 
r to 2~ after each l/30 of an rf cycle. 
between 0 and a/2 represents a diverging beam; one 
with - n/2 < 6 < 0 represents a converging beam [3]. 
As $ varies, the ellipse area is conserved for an ideal 
field by Liouville’s theorem. The distortion influence on 
the shape of ellipses is visible when .&, is equal to r/2 
(see curves 5). Ln this case, the ellipse area (i.e., trans- 
mission) decreases by a factor of ten because of fringing 
field distortions. Distortions caused by the use of round 
instead of hyperbolic rods reduce the transmission by a 
factor of 1.13. This situation is reverse at resolution 
increase up to a value of 1000 when transmission losses 
due to the use of round instead of hyperbolic rods 
increase more intensively than those due to fringing 
field distortions within the first and third stability 
regions (cf. curves in Figures 3 and 5 with those in 
Figures 4 and 6). 
Equation 7 determines the ion trajectories in the 
imperfect fields of the mass analyzer. This equation is 
valid for a variety of distortions. As shown in eq 11 the 
distortions increase the amplitude of ion oscillations by 
the factor m. By virtue of eq 9, because the 
distortion factor K,, is a function of injection phase t,,, 
these increases are phase dependent. At zero phase, K~ 
equals zero and the ion trajectories are independent of 
distortions. When & is equal to a/2, K~ has the maxi- 
mum value. Hence, the amplitude of the ion oscillations 
grows as to varies from zero to r/2, So that the mass 
analyzer aperture cuts out a part of the beam. This 
causes transmission losses [3]. 
Figure 11. Ion beam profile at the quadrupole mass analyzer 
exit. (a) The first stability region. (b) The second stability region. 
(c) and (d) The third stability region for the operating point near 
the upper and lower tips, respectively. References for the operat- 
ing points are in Figures 1 and 2. The beam profile is plotted in a 
form of the region of stability trajectories on plane (x/rO, y/ ro). 
This region is formed by the maximum possible displacements 
that the ions pass distorted fields with. The mass analyzer 
transmits the ions moving on trajectories within this region (for 
the corresponding set of initial conditions). However, the ions 
moving on trajectories outside the boundary do not pass the mass 
analyzer. The profiles (1) and (2) corresponding to the mass 
analyzer with fringing field distortions and to that those use 
round instead of hyperbolic rods for the value of dodecapole term 
A6/ r$ of 106, respectively, i.e., at the injection phase value of rr/2, 
are deflected from (3) the origin, i.e., at zero phase. 
Calculation results are plotted in Figure 11 where the 
region of stability trajectories is plotted in plane (x/rO, 
y/ro). The distortions transform the stability bound- 
aries from those represented by curve 3 to curve 1 (or 
curve 2). This transformation has a phase dependence, 
i.e., curve 3 corresponds to zero phase and curve 1 (or 
curve 2) corresponds to co = n/2. Therefore, the ion 
beam through the mass analyzer is a pulsing profile 
formed by these curves, and the ion current at the mass 
analyzer exit is amplitude modulated by the frequency 
of the rf component of the field. The maximum current 
is at zero phase. The modulation depth defined by the 
ratio of areas within boundaries for curves 3 and 1 (or 2) 
is proportional to the relative value of the various 
distortions. Comparison of curves 3 and 2 shows that 
the distortions caused by the use of round instead of 
hyperbolic rods do not significantly change the beam 
profile within the region of neighboring electrodes, i.e., 
within the distortion region of field equipotentials. This 
situation varies at resolution increase up a value of 
1000. This can cause transmission losses for the source 
exit apertures of about 0.5r, [3]. 
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Conclusions 
The mathematical simulation of ion separation in im- 
perfect fields of a quadrupole mass analyzer is devel- 
oped on the principles of statistical mechanics. This 
simulation permits the study of beam dynamics in 
phase-space. A theoretical analysis reveals that the loss 
of the independence principle of ion oscillations about 
each of the positional axes caused by distortions in- 
creases the cross-sectional area of a beam. The ion beam 
is attenuated by the mass analyzer aperture. This causes 
transmission losses that depend on the phase, There- 
fore, the ion current at the mass analyzer exit is ampli- 
tude modulated by the frequency of the rf field compo- 
nent. The maximum current is at zero phase. The 
modulation depth is proportional to the relative value 
of the distortions. The results suggest that the ions 
should be injected at zero phase in each cycle of the rf 
field. 
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Appendix I. Asymptotic Expansions of 
the Characteristic Values a, and b,+l for 
Mathieu Functions at q S- 1 
The characteristic values a, and b,+l for the Mathieu 
functions bound the stability regions for ion motion on 
an u-9 diagram illustrated in Figure 12. The stability 
limits are labeled u, for the even solutions and b,,, for 
odd solutions of the Mathieu equation feq 3). These 
values can be expanded as a power series with respect 
to 9 as follows: 
(61) 
a,(-91 = b,(q) 
llq5 =1-~-$+~364-~----- 
1536 36864 
4996 5597 839’ 
+ $-ii%% - 9437184 - 35389440 + ’ . ’ 
(62) 
Figure 12. The u-q Mathieu diagram. The characteristic values a, 
and b,+, for the Mathieu functions bound the stability regions for 
ion motion on an a-q diagram: (1) the first stability region, (2) the 
second stability region, and (3) the third stability region. 
b,(q) = 4 - f  + - - 594 
2899 
12 13824 796262h40 
83q8 
+ 458647142400 + ’ ’ 
(631 
The characteristic values a,(q) and a,(9) determined 
by eqs 61 and 62 bound the first stability region. 
However, the characteristic values a,(9), a,(9), and 
b,(9) defined by eqs 61,62, and 63, respectively, cannot 
describe the stability boundaries for the second and 
third (intermediate) regions, because they are only valid 
for 9 5 1 [6,7]. When 9 >> 1 we can use the asymptotic 
expansions of these characteristic values proposed by 
Meixner and Schgfke [8]. 
If w = 2~ + 1 and 9 = w”cp, where cp is a real value, 
then 
r/2+3/4 exP(y!4 lb 
3 
w2 + 1 
WI--- 
W 
b 4 z r+l =-2q+2W&-~--7-- 
z7$P 212 cp 
4 & & -------.., 
217ql \G 220(P2 22592 & 
where 
33 410 405 
d,=~+$+-$,d,=;+~+~ 
1260 2943 486 d,=f+-&+--&+-p 
and 
(64) 
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Figure 13. Mathieu diagram of the first stability region formed 
by the characteristic values a,, and b,. The iso-/ lines are shown for 
Figure 15. Mathieu diagram of the third (intermediate) stability 
the x and ,y directions. The operating line (2U/V) cuts out the 
region formed by the characteristic values ua, b,, aI, and b,. The 
stability region with the width that determines resolution. 
iso-p lines are shown for the x and y directions. The operating line 
2.9(2U/V) illustrates the fact that the value of the dc voltage for 
the operating point in the third stability region is 2.9 times greater 
52 15617 + 69001 + 41607 
than those in the first region. 
dh=g+W5 - - 
w7 w9 
The first, second, and third stability regions are 
illustrated in Figures 13,14, and 15. For usual operating 
near the upper tip of the second stability triangle for an 
conditions, these regions can be approximated in the 
operating point given by q1 = 7.54728 and 
first order by means of the following straight lines a = 0.02955 - 3.3754/R 
a, = 1.05195 - 1.154349 (65) a, = 4.77033 - 0.496579 (69) 
ay = 0.637729 - 0.21324 (66) 
ay = 1.420709 - 1.43037 (70) 
near the upper tip of the first stability triangle for an 
operating point given by q. = 0.70600 and near the upper tip of the third stability quadrangle for 
a = 0.23699 - 0,1773/R 
an operating point given by q2 = 3.23408 and 
a, = 6.91508 - 0.912329 (67) 
a = 3.16439 - 1.1004/R 
ay = 0.877649 - 6.59424 (f-33) 
a, = 0.034749 + 2.42331 (71) 
a, = 1.4411217 - 1.53619 (72) 
near the lower tip of the third stability quadrangle for 
an operating point given by q3 = 2.81530 and a = 
2.52100 - 0.9402/R. 
Appendix II. Goldstein’s Expansion of 
Mathieu Functions of Integer Order 2n 
at 9 B 1 
Even and odd Mathieu functions of integer order 2n 
labeled ce$([) and s&i([), respectively, can be ex- 
panded in the power series with respect to q as follows 
Figure 14. Mathieu diagram of the second stability region 
formed by the characteristic values a, and b,. The iso-/ lines are 
shown for the x and y directions. The operating line O.O12(2U/V) 
ce?d = 45 
cos(2[) 
1 - q ~ 
2 1 
illustrates the fact that the value of the dc voltage for the operating 
point in the first stability region is more than two orders of 
magnitude compared with those in the second region. 
11 cos(26) + 
. . . 128 1 I (73) 
64 TITOV 
ce!$ = cos 5 - q cos3c$ + q2 8 
cos 75 cos 55 cos3Ig 
---- 9216 1152 3072 
cos 5 
+- -1 +“’ 5 2 
se;: = sin 5 - q sin - 35 sin 55 sin 35 
8 + q2 
-+- 
192 64 
sin 5 sin 55 sin 35 -. - -- 
128 1152 3072 
sin 5 
‘- -1 + “’ 512 
cefd =cos 25 - q 
_- 
19 cos 25 cos8[ 49 cos4.$ 1 -- 288 13824 -+ . .. 
seiz = sin 25 - q - sin 45 I 12 
-- q3 I sin St sin 45 23040 13824 I + “* 
(74) 
(75) 
(76) 
(77) 
The Mathieu functions determined by eqs 73,74, and 
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75 define the nature of ion motion within the first and 
third (intermediate) stability regions near the lower tip 
for the latter. However, the Mathieu functions defined 
by eqs 73-76 cannot describe the ion motion within the 
second and third stability regions near the upper tip for 
the latter, because they are valid for q 5 1. When q >> 
1, we can use Goldstein’s expansion [9]. 
If q and 5 are real values, q > 1, \cos( 5) / B 0 and 5 
# z-/2, then, 
ce$[, q) = cetA(O, q)2’-1’2P,1(0){w,[P,(~) 
- P1(5)1 + ~z[PcdS) f P1(5)1) (78) 
se$z,+‘)(& q) = Gi+YO, q)T,+l{wl[Po(t) - P1(5)1 
+ w,[P,(5) + PI(5)lI (79) 
where w = 2~ + 1, 
w1 = exp[2 & sin([)] cos”+r ([/ 2 
+ lT/4)cos-"+')(5) 
w2 = exp[-2 & sin(O] sinZr+l ([/ 2 
+ 7r/4)cos-('+1q.$) 
7w3+47w 
i 
-1 
- 
1024q -. .. 
P,(5) 
1 
8&c:s2(f) + 20% 
w*+ 84w2+105 W4f 22w2+ 57 I 1 3w5+ 290w3+1627w =1+ cos4 (5) - cm2 (6) + 16384q & cos6 (5) 
2w5+ 124w3+ 1122~ w5+ 14w3+33w - cos4 (5) - m2 (5) I + .. . 
w3+3wi 
4w3i44w 1 1 cos2 (6) + 1638417 ,h 5w4+34w2-t9 
- w6+47w4+ 667w2+ 2835 +w6+505w4+12139w2+10395 
12 cos2 (5) 12 cos4(~) 
This expansion can be used if /cos( 01 > g4r + 2/q. 
As r increase the approximation by this expansion and 
Mathieu functions diverge [9]. Even and odd Mathieu 
functions ‘of integer order 2n, which define the nature of 
ion motion within the second and third (intermediate) 
stability regions near the upper tip, can be approxi- 
mated in the first order by the following series: 
ce$:(() = 1.169 - 0.912 cos 25 + 0.231 cos 45 
- 0.021 cos 65+ ... (80) 
ce$?([) = 0.202 + 0.31 cos 25 - 0.284 cos 45 
+ 0.003 cos65- O.OOlcos8[ +4.931 
x 1o-4 cos 105 +. . . (81) 
se:2,)(5) = 0.964sin25- 0.267&4[+ 0.027~0~65 
-O.OOlsin85+... (82) 
near the upper tip of the third stability quadrangle for 
operating point given by q2 = 3.23408 and II = 3.16439 
- 1.1004/R; 
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-1.51 -” r - 2 :a 2 
Figure 16. Even and odd Mathieu functions of integer order 2n 
of characteristic values a, and b,,, vs. an initial phase. (a) The first 
stability region, the x direction: (2) ce$‘,‘(& (3) s&(0; the y direction: 
(1) c&5). 0~) The second stability region, the Y direction: (2) &(,)(B, 
(4) se&); the y direction: (1) ce$,)(s), (3) se&)(@. (c) The third stability 
region for the operating point near the upper tip, the x direction: (2) 
ce$z,i(& (3) se$d; the y direction: (1) ce$o,)(@ (d) The third stability 
region for the operating point near the lower tip, the x and y 
direction: (1) cegj(:,)(n, (2) segj(& 
ceyi(l(O = -0.021 cos 5 - 1.958 cos 35 
+ 0.617 cos 55 - 0.091 cos 75 
+ 0.004 cos 95 +. . . (83) 
s&J(() = 1.131 sin 5 - 0.177 sin 35 
- - 0.127 sin 55 0.003 sin 75 
+ 0.004 sin 95 + . . . (84) 
c&(() = -0.472 + 4.758 cos 25 - 5.297 cos 45 
f 1.804 cos 65 - 0.092 cos St 
- 0.094 cos 105 + 7.538 
x10-4cos12~+~~~ (85) 
sd$(c) = 0.802 sin 25 - 0.598 sin 45 
+ 0.148 cos 65 - 0.019 sin 86 
+ . . . (86) 
near the upper tip of the second stability triangle for 
operating point given by q1 = 7.54728 and u = 
0.02955 - 3.3754/R. These functions are illustrated in 
Figure 16. 
Appendix III. The Approximate Solution 
of the Hill Equation With a Small 
Heterogeneous Part in the Mathieu Form 
When the equations of ion motion are reduced to a set 
of Hill equations with a small heterogeneous part in the 
Mathieu form given by eqs 3 and 4 their solutions are 
the following sum: 
24 = a, + a, 
where ii0 is the general solution of a homogeneous 
equation and t7 is the partial solution of a heterogeneous 
equation. By Floquet’s theorem 
where 
cep(5) = 5 Gn cos@n + PM 
n=-a: 
and 
r 
sep(5) = C Gn sin(2n + PE 
n=-m 
are even and odd Mathieu functions of fraction order /3. 
Integration constants (y10 and cxzO are determined by eq 
5. The index 0 corresponds to 6 = &. 
The value of ii can be found with the aid of the 
following arguments. Transforming Go with factors 
(~~(5) and (~~(5) to be functions of 5 a differentiation 
with respect to 5 after a substitution into eq (3) 
yields 
&,cepo + ci,sep, = 0 
c?lc~p, + &sPpo = ~[Atlf([)] 
Solving this set with respect to variables &, iu, and 
then integrating over 5 we obtain the ion trajectories in 
the distorted field as follows: 
ZJ = YlOqJS) + Y*oSe/3(S) 
where 
(87) 
3’10 = alo + Ko’%o and YZO = %O - KO~IO 
the distortion factor is given by 
(88) 
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Kg = t(A/W,,)I, (89) 
(90) 
I5 c c2pC2n cos(2p + p)( cos(2n + /3).$ = 2 
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and the Wronksian W,, is determined by eq (6). 
Equation 90 includes the sum of even and odd 
Mathieu functions of fraction order p that can be 
reduced to the following expressions by standard trig- 
onometric indentities neglecting terms above second 
order with respect to 6, 
C.$& sin(2p + P)[ sin(2H + /3)[ 
(91) 
c c GpC,, coap + PI5 cos@ + P)S cos 25 
p=-m*=---a 
= C 
cc 
5 GpGn sin@p + P)5sinW + p)tcos25i C C2n(C2n+2+c2n--2)/2 
p==-” n=--Oc n=-cc 
m  cc cz m  
(92) 
c. c GpGn cosop + PM cos(2n + P)5 cos 2(5 - 50) ^ 1 2 2 C2pC2n sin(2p + p)t sin(2n + p)t 
P=-” n=-m P=-m n=--03 
C C C2&n cos(2P + P)5 cos(2n + P)5 cos 2i(e - 50) Z 2 2 C2pC2n sin(2p + /3).$ sin(2n + p).$ 
P=-= n= -= P= --m == -m 
X cos 2i([ - to) 5 cos 2ito 5 C2n(C2n+2 + C,,-J/2 (94) 
n=-m 
22 m m s 
X X C&PI cos(2p + P)E cos(2fl + P)S cos 2(5 - 50) cos 2i(5 - to) = 2 C C,C,, sin(2p + /3)[ 
P=-” n=‘-m P=-” n=--LJ 
cc 
X Sin(2TZ + /3)5 COS 2(5: - (0) COS 2i(5 - 50) 5 COS 2(i + I)& C (Czn+2 + C~A-*)(CZ~+Z + C2n-Z)/2 
Consider the peculiarities of ion motion in an rf field 
of a quad.rupole mass analyzer with indicated distor- 
tions. For the distortions caused by nonparallel elec- 
trodes, eq 4 is reduced to the form 
ii3 = -E,/eL)[a + 2q cm 35 - 60,1(4 - u:, 
Taking into account that (UT - u$.) 5 1 is a hyper- 
bola in a plane (u,, u,), the latter can be replaced by 
unity. Integrating this equation with the following 
initial conditions: 
5 = co;: ti3o = 1.38/(ri-jr,) &lM; u30 
= zo/rO = 0 (96) 
where r. is expressed in meters, f in megahertz, V, in 
n=-cc 
(95) 
volts, and M in atomic mass units, yields 
u3(5) = -Erl(4LM5- 50) + q[cos 2(6- 60) - 111 
+ G30(5 - 50) 
Substitution of this solution into eq 3 neglecting 
terms above second order with respect to er, yields a 
heterogeneous equation in the Mathieu form where A is 
equal to l l, and f( 5) is given by 
j-co = Us(S)/UQ + 29 cos a5 - 5o)l 
A soIution of eq 3 can be reduced to the approximate 
solution 87 in the form of a general solution of a 
homogeneous equation with combined factors 88 taking 
into account the small heterogeneous part where the 
distortion factor 89 is given by 
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J 0 p=-““=-” 
Taking into account eqs 91-93 yields 
Kol 5 %%&?(4~Wpo) 
x z: Gn(C2n+2 + c,,-2) 5 CL 
n=-cc i n=-m 
Using the following recursion relation: 
[a - P + Pm,, - q(C2n+2 + G-2) = 0 
results in 
KOI = l $&&/(4~~po) 
where the oscillatory factor is given by 
f&o = a(1 + cos 25,) - cos 25, 
(97) 
For distortions caused by nonstraight electrodes, eq 4 
is reduced to the following form: 
223 = -e,/(2L)(2u3/L - l)[a + 2q cos 2(5 - &)] 
x (uf - US) 
By similar arguments integrating this equation with 
initial conditions 96, we obtain eq 3 for trajectories in 
the x and y directions, where 
fen = u,lL(u,/L - l)[a + 2q cos 2(5 - &Jl 
for eq 90. The solution of this equation is the approxi- 
mate solution (87), where the distortion factor (89) is 
given by 
In the case of fringing field distortion, eq 4 is reduced 
to 
ij, = -11 - (zg/rcl - “3)/21[Q + 29 cm 2(5 - 5cJl 
x (u: - u;, (100) 
Replacing factor (u: - uz) by constant (X,/r,)*, 
integrating eq 100 with the following initial conditions: 
6 = 50; a,, = 1.38/(+,) $/v,/M; us0 = z,/r, # 0 
and neglecting terms above second order, we obtain 
~3 = zo/yo + ko(5 - 50) + (&l~o)2M~ - 5oJ2 
+ 4[1 - cos 2(5 - 5,)11/2 (101) 
where z.+ is the trajectory in the z direction, the minus 
sign corresponds to uI > ua, and the plus sign is valid 
for tlI < u2. 
The solution of eq 3 is the approximate solution 87, 
where 
A = 1 - (zo/uo - u,)/2, (E, = -1) 
f(6) = -[l - (Zo/Yo - 11a)/2][a 4- 2q cos 2(5 
- &,)I UWd2 
the distortion factor 89 is given by 
K 03 = ~10~~/(4Wp0)r~,/r, - h3060 
2 fi2,1 fho(RoI ro121 (102) 
and the oscillatory factor is given by 
n2o = u2 + q2 + (a + q)(.nlo - a) (103) 
For distortion caused by harmonic composition of the 
voltage waveform the expression in braces of eq 1 yields 
the equation of ion motion in the form of the Hill equation 
ii + 
i 
O. + 2 5 Bi cos 2i.$ u = 0 (104) 
i=l i 
If oscillating terms are transferred to the right-hand 
side of eq 104 for second and third harmonics of low 
composition the replacements B. by a, 0r by q, and Bi by 
qSi, yield the equation in the Mathieu form 
ii 2 [a + 2q cos 2(5 - &J]u 
= T2qu 5 Si cos[2i(t - &J] 
i=Z 
(105) 
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Figure 17. Variation of the ellipse parameters with the relative 
time that ions spend in the fringing fields normalized with respect 
to initial phase: the dash-dotted lines correspond to the mass 
analyzer with fringing distortions and the dotted lines correspond 
to those that use round instead of hyperbolic rods, respectively. 
References for the operating points are in Figure 1. The ellipse 
parameters A (curves l), B (curves Z), r (curves 3) for the phases 
differing from zero are deflected from the origin depicted by the 
solid lines. 
where .$,, is phase factor (i Z- 2). 
Taking into account eqs 94 and 95 the solution of eq 
105 can be reduced to the form 87 where A is equal to Si, 
f(c) is given by 
the distortion factor 89 is given by 
KO.I = 9&w,, i s&o, COS(2&) WW 
1=2 
and the oscillatory factor is given by 
Similar arguments in eq 97 in the case of distortions 
caused by fast scanning with speed of value of u 
expressed in u * s-l, yield the approximate solution 87 
where the distortion factor 89 is given by 
Employing eq 2 to estimate the influence of distor- 
tions caused by the use of round instead of hyperbolic 
Figure 18. Similar curves represent variation of the parameters 
for the third stability region. References for the operating points 
are in Figure 2. See Figure 17 for a description of curves. 
rods, for quadrupole and dodecapole terms the equa- 
tion of ion motion can be reduced to the Mathieu form 
ii, k [a + 29 cos 2([ - ~O)lur 
= -6A,u,[a + 2 cos 2(5- &)I 
x (z$ - 1ou;u; + 5u,L$) (109) 
whereI = 1,2;p = I + (-l)‘+l.Byreplacingtheterms 
in the last parentheses by the maximum values in a 
plane (IL,, u2) to remove the coupling of variables in eq 
109, then, eq 109 can be written in the form 
ii, 2 [n + 24 cos 2(< - .&))]ur 
= -24A,u,[a + 2 cos2([ - &,,] 
A similar search is made for a solution to this 
equation. This yields eq 87 for trajectories in the mass 
analyzer with distortions to be conditioned by the field 
approximation by electrodes of circular profile where A 
is equal to A,, and f(k) is given by 
f(t) = 24b + 29 ~0s 2(t - a1 
and the distortion factor 89 is given by 
K m  = 12&~,o&Wpo (110) 
Therefore, the resultant distortion factor ~~ in eq 89 
can be expressed as follows: 
I 
I 
K 0= \‘E (Ko,)’ 
i=l 
(111) 
J Am Sot Mass Spectrom 1998, 9, 50-69 ANALYTICAL APPROACH TO QUADRUPOLE 69 
to be dispersions that are conditioned by nonparallel 
and nonstraight electrodes, fringing field distortions, a 
harmonic composition of the voltage waveform, fast 
scanning as well as the use of round instead of hyper- 
bolic rods determined by eqs 97, 99, 102, 106, 108, and 
110, respectively. 
Variation of the ellipse parameters with the relative 
time that ions spend in the fringing fields normalized 
with respect to initial phase for the first and second 
stability regions as well as for the third stability region 
near the upper and lower tips are illustrated in Figures 
17 and 18, respectively. 
